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Distributed convex optimization

minimize f (x) = ∑Ki=1 f (xi)subject to ∑Ki=1Aixi ≤ b• f ∶Rni → R ∪ {∞} is closed, convex, and proper
•A = (A1, . . . , Ak) ∈ Rm×n and b ∈ Rm given
• conjugate subgradient oracle

xi(yi) ∈ argmin
zi∈dom fi

(fi(zi) − yTi zi)

Dual subgradients
•dual function for λ ≥ 0

g(λ) = −f
∗(−ATλ) − λTb

• subgradient of −g at λ ≥ 0

−Ax(y) + b ∈ ∂(−g)(λ)

KKT conditions
x = x(y), y = −A

T
λ (1)

Ax ≤ b (2)
λ ◦ (Ax − b) = 0 (3)
λ ≥ 0 (4)

Optimality condition residuals
rp = 1

T(Ax − b)+, rc = λ
T ∣Ax − b∣

Multiple-response oracles
agents query approximate conjugate subgradient oracle w.r.t. cur-
rent prices y ∈ Rn and return xapx(y)

−f
∗(y) ≤ f (xapx(y)) − yTxapx(y) ≈ −f

∗(y)
• value suboptimality oracle

−f
∗(y) ≤ f (xv(y)) − yTxv(y) ≤ −f

∗(y) + ϵv∣f ∗(y)∣
•price perturbation oracle

f (xp(y)) − (y + δ)Txp(y) = −f
∗(y + δ)
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Primal recovery using MRA
1: approximate oracle queries
each agent i returns a list of Ni ϵ-suboptimal primal points Zi =
{zi1, . . . , ziNi}, associated with local price vector yi = −ATi λ

2:primal recovery of x̄ = (x̄1, . . . , x̄K)
minimize rp + rc
subject to rp = 1T(Ax̄ − b)+, rc = λ

T ∣Ax̄ − b∣
x̄i = Ziui, i = 1, . . . , K

1
T
ui = 1, i = 1, . . . , K

ui ≥ 0, i = 1, . . . , K

Numerical results
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xk x̄k, εv = 10% x̄k, εp = 10% 1
k

∑k
j=1 x

j Π(xk)
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εv = 10%, N = 10 εp = 10%, N = 10 εv = 1%, N = 10 εp = 1%, N = 10

Contribution
•new primal recovery approach to generate fast, near-optimal,
near-feasible primal solution

• in practice MRA converges to a reasonable approximate solu-
tion in just a few tens of iterations

•due to parallel calls, MRA increases the total computation bud-
get but not the wall clock time of the underlying dual algorithm

•hyperparameter tuning for trading speed and solution quality
github.com/cvxgrp/mra_precovery


