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Motivation

® classical optimization algorithm design: based on worst-case guarantees

— provably convergent but often conservative and slow in practice

® modern ML optimizers: tuned for fast empirical performance

— often lack convergence guarantees and may not converge under convexity

goal

® principled way to design algorithms that are fast and provably convergent



Principled optimization algorithm design

e reframe optimization algorithms as circuit diagrams: RLC circuits composed with
nonlinear resistor V f

® replace heavy differential relations with modular diagrams governed by local rules

— similar to how Feynman diagrams make computation in QFT easier
® convergent by construction due to energy dissipation

® equilibrium state representing the primal-dual solution

Nesterov Acceleration Decentralized ADMM
DADMM+C (new!)
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Principled optimization algorithm design

e vary RLC circuits to create new algorithms with convergence guarantees

® use proof preserving automatic discretization to get implementable algorithm

PG-EXTRA + Parallel C (new!) N o
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Outline

Continuous-time optimization with circuits

Continuous-time optimization with circuits



Distributed convex optimization problem

minimize  f(x)

subject to x € R(ET) (i.e., x = ETz for some z)
® f:R™ — RU{oo} is closed, convex, and proper
® n nets Ny,..., N, forming a partition of {1,...,m}

o [ c R"™™ is a selection matrix

10 otherwise

x € R(ET) ensures consistency among components: z; = z; if j,j' € N;

Continuous-time optimization with circuits



Simple example

minimize  f(z)

L. :cer‘\,s,zeR3
minimize x z L
+eR° (=) o1 A minimize  f(x)
; o X2 22 & zeR
subject to ;=23 . .
’ xl _ T'g subject to  |a3| = |2 subject to x € R(ET)
X4 Z9
x5 23

o Ny ={1,3}, N, = {2,4}, N3 = {5}, and ET =

OO = O =
O = O = O
_0 O O O

Continuous-time optimization with circuits



Example: Unconstrained problem

. minimize  f(x minimize T
minimize  f(x) o z.-cR™ (@) PN »eR™ f(x)
e subjectto x =12 subject to x € R(ET)

e 1 ¢ R™ is the decision variable
o N;={i}foralli=1,...,m

® ET=]eR™™

Continuous-time optimization with circuits



Example: Consensus problem

L N
minimize D oiny i)
L. N w1, oneR™N 2eR™Y
minimize Sl filxg) '

m/N =12 x z
ml,...,zNGR = 1
subject to Ty =--=xN subject to =

N z

minimize  f(x)
o ZEERWl
subject to x € R(ET)

° f(x)= fi(x1)+ -+ fn(zn) is block-separable, and ET = e RmXm/N

Continuous-time optimization with circuits



Our goal

minimize  f(x)
subject to x € R(ET)

our goal is to find a primal-dual solution satisfying the KKT conditions

y € 0f(x), x € R(ET), y e N(E)

Continuous-time optimization with circuits
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Static interconnect

Static interconnect

® static interconnect is a set of (ideal) wires

R connecting m terminals and forming n nets
N, > e 1 ¢ R™ is terminal potentials, and y € R™ is
R vector of currents leaving the terminals
N > e Kirchhoff's voltage law (KVL) is z € R(ET)
Ny ———>— e Kirchhoff's current law (KCL) is y € N(FE)

® static interconnect enforces the V-I
relationship (z,y) € R(ET) x N(E)

Continuous-time optimization with circuits 11



Static interconnect for simple example

Static interconnect

Ny

Y

Y

N3

\

Ns

Ny = {1,3}, Ny = {2,4},

Continuous-time optimization with circuits

N3 = {5}

ET

x € R(ET)

y € N(E)

54

=

OO~ O
O = O = O
_ o O O O

1 = T3, T3 = X4

y1+ys=0, y2+y2=0, y5 =0
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Dynamic interconnect

® dynamic interconnect is an RLC
circuit with m terminals and 1
ground node

Continuous-time optimization with circuits
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Admissible dynamic interconnect

Static interconnect Dynamic interconnect
u 1 Y1
Y2
Ny > 6 2
Ly Y3

Y
w

Ya

No

4

|
7
| Fjjl Ys
Ny ———— Sl
Cy
<=

® dynamic interconnect is admissible if it relaxes to the static interconnect at equilibrium
{(z) | 4i = M = AT ﬂ v = Drir,vz = 0,ic = 0} = R(ET) x N(E)

Continuous-time optimization with circuits
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Composing static interconnect with 0f

® Of is interpreted as m-terminal
grounded electric device

® Jf enforces the V-I relation
y € 0f(z)

y € Of(z) (nonlinear resistor)

z € R(ET) (KVL)
y € N(E) (KCL)

Continuous-time optimization with circuits

Static interconnect
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Composing static interconnect with 0f

y € Of(x) (stationarity)
€ R(ET) (primal feasibility)
N(E) (dual feasibility)

Continuous-time optimization with circuits

Static interconnect
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Composing dynamic interconnect with 0f

y(t) € Of(x(t)) (nonlinear resistor)

ot) = [ig)} (KVL)
Ait) = [ (t)] (KCL)
vr(l) = Drir(t) (resistor)
ve(t) = Dc%ma) (inductor)
ie(t) = Dc%vc(t) (capacitor)

Continuous-time optimization with circuits
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Energy dissipation
o (v*,i*,x*,y*) is equilibrium of admissible dynamic interconnect composed with 9 f
® define the energy of the circuit at time ¢ as
1 (|2 L. e 112
&(t) = 5llve(t) —vellpe + 5llic(t) = izllp,
® convexity of f is incremental passivity of 0f

(x—a',y—y) >0, yedf(z),y €df(a)

® energy is a dissipative (non-increasing) quantity

d . . . . .
€ = {ve —vgyic —ig) + (ig —izve —vp) = —llirlbe — {z =2y —y") <0
—_— ——
>0

Continuous-time optimization with circuits
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Energy dissipation

Theorem

Assume f: R™ — R is strongly convex and smooth. Assume the dynamic interconnect is
admissible, and let (z*,y*) be a primal-dual solution pair. Let (v(t),i(t),z(t),y(t)) be a
curve satisfying dynamic interconnect differential algebraic inclusion. Then,

lim (z(t),y(t)) = (2", y").

t—o00

Continuous-time optimization with circuits
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Circuits for classical algorithms

Circuits for classical algorithms
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Moreau envelope

e for R > 0, the Moreau envelope of f: R™ — R U {oo} with parameter R is

1
()= it (7C)+ 55l - al)

® Jf composed with a resistor is equivalent to V#f(z), i.e., same V-I relation on the m
pins of x

e AN\ >s—F— Of RN - Vi

Circuits for classical algorithms



Nesterov acceleration

R R
y e T+_R m g y e T+_R x " m
l L l L

e f: R™ — Ris a 1/R-smooth convex function

e \/-| relations

+ _
y=Vi@, TT=Vi@), w=e
d. 1 N d 1
au:—z(vc—x ) aUC——gvf(x)

® high-resolution ODE of Nesterov acceleration

d’ R d 1 R*\d R

Circuits for classical algorithms




Decentralized ADMM

® fi,....fn: R™ = RU {0} be
CCP functions

® communication graph G over
computation nodes

e for every edge (j,1) in graph G the
circuit is on the right

Circuits for classical algorithms
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Decentralized ADMM

® \/-| relations for j € T

1 .
Tj = Prox(m,r)y <|FJ. Z(Rlﬁfﬁe-]”))

ZEFJ'
1 g
e = 5(% + ) of; ofi
d . 1
aiea = plean—j) [ [

® /R stepsize Euler discretization [ 7 ] [ 7 ]

L1 L5
LR LR LR LR
1

k41 & k

T = ProXg,r.hr | 57 E (Riy ., +€5;)

J . J

aVI3 Ty = J
€1
1
k41 k41 k41
€5 = E(J/J +ax; )
1

k1 -k k41 k
Zﬁjl+ = Zﬂjl+7(ejl+ 7x_7‘+1)

R

Circuits for classical algorithms 24



PG-EXTRA

L4 fl,...,fNZ R™ — RU{OO} are
CCP functions and

hi,...,hn: R™ — R are convex o % ATV AAA—+ Vh,
M-smooth functions n _R
e define mixing matrix W € RV*¥ Ly Ry
1= Y er, A2 ifj=1
(L ofi ——="NW—"\ W Vh;
— R J P J
le - Rijl If] #la l GFJ Ty R €j _R Ty
0 otherwise

Circuits for classical algorithms 25



PG-EXTRA

® V| relations for j € T

Lj

d
2 s
dt ’

N
profo]_ (Z lewl — thj (JZ]) — wj>
=1

N
Ty — E le.tl
=1

® 1/2 stepsize Euler discretization

k+1
kT

k+1

Proxpy (Wz" — RVA(z") — wk)

1 :
w® + 5(1 —W)z"

Circuits for classical algorithms
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Gradient Descent Nesterov Acceleration Proximal Point Method Proximal (Moreau)

el ] el I ——]

Prox-Grad Method . Primal Decomposition Dual Decomposition
Your Algorithm

Your

circuit

is v P
here!

Douglas—Rachford Splitting Davis—Yin Splitting

Decentralized ADMM PG-EXTRA
DADMM+C (new!)

Circuits for cIassical algorithms
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Automatic discretization

Automatic discretization
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Challenges

not every dynamics discretization leads to a convergent algorithm

® in numerical analysis we focus on convergence of z* to the solution trajectory z(kh) as
h—0

® in optimization we are interested in convergence

lim zF =2*, lim f(iﬁk) = f(=*)
k—o0 k—o0

we provide a novel discretization methodology
® that preserves the proof structure

® s automatic, based on computer-assisted approach

Automatic discretization

29



Sufficiently dissipative discretization

® discretize the dynamics of an admissible dynamic interconnect using a two-stage
Runge—Kutta method with parameters «, 8 and stepsize h > 0
o {(v" ik, 2* y*)}22 , the iterates of discretized algorithm

k+1 k+1 k+1  k+1
(’U ?Z 71: ) )

Y :Tfﬂﬁ;h(vk’ikaxk’yk)

® energy stored in the circuit at time ¢t = kh is

1 1 .
& = 5l — b, + i — iz,

e discretization is sufficiently dissipative if there is an 17 > 0 such that for all k = 1,2, ...

Eppr — Er+naF —a*yh —y*) <0

>0

Automatic discretization
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Sufficiently dissipative discretization

Lemma
Assume f: R™ — RU{co} is a strictly convex function and the dynamic interconnect is
admissible. If the two-stage Runge—Kutta discretization generates a discrete-time sequence
{(vk, %, 2% y*) 2o, that is sufficiently dissipative, then

k *

lim z" = x*.
k—oo

Automatic discretization
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Automatic discretization

e discretization, characterized by (a, 8, h), is dissipative for a given n > 0 if the objective

of the worst-case optimization problem is non-positive
maximize &y — 6;1 +n{zt — 2%, yll —y*)
subject to & = ?Hvé — v(*3||ch + ?Hz;ﬁ — ZZ||2D£
522:25”1;0 S vellpe + §||ZL1 fllZHlDLl
(U ,05,T7,Y ):Tﬁa,ﬁ,h(v ,U,T,Y )
(vi,it, 21, y') feasible initial point
(v*,i*, z*, y*) values at equilibrium

ferF

- f,ob it 2t gyt v*, 9%, o, y* are the decision variables

— F is a family of functions (e.g., L-smooth convex)

® can be solved as finite dimensional semidefinite program (SDP) using ideas from
performance estimation problem (PEP)

Automatic discretization
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Package ciropt

step 1: create the static interconnect representing the optimality conditions of your problem

m

f() — 1

minimize

step 2: design your algorithm: design RLC circuit that relaxes to the static interconnect in
equilibrium

CQ Cl

of

Automatic discretization



Package ciropt

step 3: write the V-I relations: a convergent dynamics by the construction

T = ProxX g 9y (2)

2
y= E(Z — )
d 1
£62 = QCR(Ry + 362)
d 1
%z = 4CR(5Ry + 3es)

Automatic discretization

z* = prox(pys (=)

2
=52t
h
R+l _ b k k
€5 es 2CR(Ry + 3e5)
h
k+1 _ k _ k k
z z 4CR(5Ry + 3e5)
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Package ciropt

step 4: leverage our PEP-based automatic discretization package ciropt and obtain algorithm

import ciropt as co
problem = co.CircuitOpt()
f = co.def_function(problem, mu=0, M=np.inf)

In [2]: params["eta"], params["h"]
Out[2]: (6.66, 6.66)

step 5: your algorithm is ready to use!

2 = ProX o (zk)
yo= 2k — 2
Wt = wh —0.33(y" + 3w")
2T = 2K - 0.16(55% + 3w")

Automatic discretization
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Numerical results: DADMM+-C

9

Am

Automatic discretization
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Conclusions

e introduce a framework for designing optimization algorithms via RLC circuits

— convergent due to energy dissipation

® electric circuits for standard methods

— Nesterov acceleration, proximal point method, prox-gradient, primal decomposition, dual
decomposition, DYS, DRS, decentralized gradient descent, diffusion, DADMM and
PG-EXTRA

® PEP-based automated discretization that preserves proof structure

— https://github.com/cvxgrp/optimization_via_circuits

Automatic discretization
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https://github.com/cvxgrp/optimization_via_circuits

Future directions

extending the framework for stochastic programming

® extracting convergence rates

— energy dissipation over multiple steps

include methods with time dependent step sizes

— using time dependent electric components

® key question: how to automate the development of accelerated algorithms?
— search over admissible circuit designs
— find circuits which result in fast relaxation, e.g., critical damping

— guidance on how to design fast optimization method from circuit architecture

Automatic discretization
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Gradient Descent Nesterov Acceleration Proximal Point Method Proximal (Moreau)

e i 1 1 I et T B e

Prox-Grad Method . Primal Decomposition Dual Decomposition
Your Algorithm

Your

circuit

is wh
here!

Douglas—Rachford Splitting

Decentralized ADMM PG-EXTRA
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O(1/K) convergence rate

® Lagrangian L(z,z2,y) = f(z) +y* (z — E2)

® by dissipativity,

0 < L<xk72*ay*) - f(.’II*) < _<ykax* - xk> +<y*7xk _‘EZ*,>

® by summability,

1 1
: k _x ,x\ *) < _
ke{%}.l.r.l,K} L(z", 2%, y") — f(a*) < ———& O( )

> f(xk)—f(z*) =7

= (" —y* 2" — %) < —(E — Eppa)

I =

“n(K+1)
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Automatic discretization

® capacitor and inductor ODEs are of the form

d
Sa(t) = F(a(t)

® two-stage Runge—Kutta method for discretization, with coefficients «, 3, and stepsize h

xk+1/2 _ CL’k +O{hF($k)
2 = ab 4 BhF(2F) + (1 - B)WF (2" T1/?)

® interpolation lemma states f; € F,, ar,(R™) if and only if

Ix = {1,1.5,2,%}
j i i j L j
0 > fi—fi+{g,x —$J>+TMZ||91—QZJ||§
Hi i j i i\ 12 ..
b lz* =2 —1/M(¢} - g5, i,5€1
el /st~ )3 .
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Automatic discretization
® decentralized optimization problem

minimize filz) + -+ fn(zn)

m/N
Il,m»CDNER

subject to =z, j=1,...,N, lely
® computer-assisted discretization

maximize 7

subject to & — & +n{zt — a2yt —y*) <0
&= Bt = vz b, + ik~ iz,
‘(g22:_2§||7;c _Q)UEHDC + 5”(%1 _1’Z||1D£1)
v, T, Y :Tf,a,ﬁ,hv7iax7y
(vl,it, 2t y') feasible initial point
(v*,i*, z*,y*) values at equilibrium
fr € Fy o (RY)
oa,f >0, hn>0
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